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@ a link = afinite collection of mutually disjoint
simple closed curves in R3.

L L
-0
- J
Y
Ly =L,

(ambient isotopy)

@ a link diagram = a projection of the link on a plane.

@ Z: {link diagram} — C.

@ L,L, € {linkdiagram}, L, = L, — Z(L,) = Z(L,).
Z : link invariant
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X = a finite set,

a spin model € Matx(C*) (C* = C — {0}),
3 a spin model = link invariant.

Who defined a spin model?
V.F.R. Jones in 1989, symmetric matrix.

spin model C generalized spin model C 4-weight spin model

Jones K. Kawagoe, E. Bannai,
A. Munemasa, E. Bannai.
Y. Watatani.
wl=w Wl £ WwWorwl =w

In this talk, we treat only these parts.
“spin model”

@ F. Jaeger, M. Matsumoto, and K. Nomura in 1998,
@ F. Jaeger and K. Nomura in 1999,

— the structure theorem for spin models.
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Definition of spin models

Let W € Maty(C*).
@ W : atype Il matrix Ly Vo, € X:

W(a, x) _Ixls
XEZX W(,@,X) | | a,B-
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Definition of spin models

Let W € Maty(C*).
@ W : atype Il matrix Ly Vo, € X:

W(a, x) _ xls
2 Wi ~ Mo

@ W : atype Ill matrix N Vo, 3,7 € X:

S WEOW(ED) ) We.d)

xeX W(fy’ X) W(aa 7) W(’% 6) ’

where D? = [X|.
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Definition of spin models

Let W € Maty(C*).

@ W : atype Il matrix Ly Vo, € X:

W(a, x) _ xls
2 Wi ~ Mo

@ W : atype Ill matrix N Vo, 3,7 € X:

S WEOW(ED) ) We.d)

= WO W(a,W(y,B)’
where D? = [X|.

@ W =type Il and type Il L wis called a spin model.
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Definition of spin models

Let W € Maty(C*).
@ W : atype Il matrix Ly Vo, € X:

3 Wi =

xeX

@ W : atype Ill matrix N Vo, 3,7 € X:

W (v, X)W (0, x) W(a, 8)
xGZX W(v,x) DW(O@ VW (v, B8)’
where D? = |X|.

@ W =type Il and type Il L wis called a spin model.

@ Wi, W, : spin models = W; @ W, : spin model.

Takuya lkuta joint work with Akihiro Munemasa (Tohoku Universit  Spin models constructed from Hadamard matrices



Let W € Matx(C*) be a matrix s.t.

a b b
b a
W = Do, e e i, a#0,b#0,
: a b
b b a
= al +b(J—1).
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W =al +b(J —1I),

@ |X|>2,
e W: atype Il matrix =

b a
-+ - X|—-2)=0.
22X -2)
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W =al+b(J—-1),
@ |X|>2,
e W: atype Il matrix =

b a
-+ - X|—-2)=0.
22X -2)

e W :atype Il and a type Il matrix =

@a=u',b=—u',D=u*+u"? |X| =D
o W=u'l—u'(J—1) with D=u*+u">
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W =al+b(J—-1),
@ |X|>2,
e W: atype Il matrix =

b a
-+ - X|—-2)=0.
22X -2)

e W :atype Il and a type Il matrix =
@a=u',b=—u',D=u*+u"? |X| =D
o W=u'l—u'(J—1) with D=u*+u">
° X|=1,
o W= (u),
e W:atype lll matrix = u* = 1.
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@ Potts model
I = identity matrix € Maty(C*),
J = all I's matrix € Maty(C*),
r=1X|.

Bl—u ' J=1) ifr=+u??>2,

Au - .
(u) if r=u*=1.

A, «—— the Jones polynomial.
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W : a spin model.

@ F. Jaeger, M. Matsumoto, and K. Nomura in 1998 :
W € the Bose-Mesner algebra
for some self-dual association schemes
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W : a spin model.

@ F. Jaeger, M. Matsumoto, and K. Nomura in 1998 :
W € the Bose-Mesner algebra

for some self-dual association schemes
@ F. Jaeger and K. Nomura in 1999 :
o WIW~! = a permutation matrix.
“index” of W & the order of W7 w .

(index= 1 2% w : symmetric)
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@ construction of spin models,
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@ construction of spin models,
@ determine whether a constructed example is new or not ?
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Known spin models

@ Potts model,

uya lkuta joint work with Akihiro M ku Universit ~ Spin models c



Known spin models

@ Potts model,
@ Jaeger’'s Higman-Sims model,
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Known spin models

@ Potts model,
@ Jaeger’'s Higman-Sims model,
@ Spin models on finite abelian groups,
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Known spin models

@ Potts model,

@ Jaeger’'s Higman-Sims model,

@ Spin models on finite abelian groups,
@ Hadamard model,
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Known spin models

@ Potts model,

@ Jaeger’'s Higman-Sims model,

@ Spin models on finite abelian groups,
@ Hadamard model,

@ Non-symmetric Hadamard model.
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Known spin models

@ Jaeger’'s Higman-Sims model (F. Jaeger, 1992)

W = —mI—7A+7 Y(J—1—-A)c Maty(C),
Y 3,
A = adjacency matrix of Higman-Sims graph.

W : a symmetric spin model.
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Known spin models

@ Jaeger’'s Higman-Sims model (F. Jaeger, 1992)

W = —mI—7A+7 Y(J—1—-A)c Maty(C),
Y 3,
A = adjacency matrix of Higman-Sims graph.

W : a symmetric spin model.

@ Spin models on finite abelian groups
(E. Bannai, E. Bannai and F. Jaeger, 1997)
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Known spin models

@ Non-symmetric Hadamard model
(F. Jaeger and K. Nomura, 1999)

Xo X1

where

e A, = a Potts model,
e H = any Hadamard matrix,
e ¢ = a primitive 8-th root of unity.

Then W is a spin model of index 2.

The size of W is 4r, where r = the size of Hadamard matrix H.
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Known spin models

@ Hadamard model (K. Nomura, 1994)

where

e A, = a Potts model,
e H = any Hadamard matrix,
@ w = a 4-th root of unity.

Then W' is a symmetric spin model.

The size of W’ is 4r, where r = the size of Hadamard matrix H.
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In this talk, Z,, will denote the subset {0, 1,...,m — 1} of
integers, not the set of residue classes of integers modulo m.

We define the following:

ForVvi,j .0 € Zy
o L((i,0),(j, 1) & —2m(L — )i — j),
o c(i.j) = (i—j)> +m(i—)),

® 3(irj) & (i =)
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Theorem(A. Munemasa-l.)

m = even,
X ={(i,0,x)|i € Ly, € Zp,x €Y ={1,...,1r}}, |X| = m?r,
A, : a Potts model of size r,
H € Maty(C*) : any Hadamard matrix of size r.
Forvi,je Zy,

A, if i—j=even,

v, € H if (i,j)=(0,1) (mod 2),
HT if (i,j) = (1,0) (mod 2).

Define W € Maty(C*) by
W(a, B) = a0 -GN+ Y (. y)
forVa=(i¢x),3=_(/r,y €X,

where a is a primitive 2m?-th root of unity.
Then W is a spin model of index m.
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def . ,
Wy.a = aspin model W of even index m
given in the previous Theorem.

If m = 2, then we recover the non-symmetric Hadamard models
of index 2 of Jaeger-Nomura.
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Why do we suppose even index ?

F. Jaeger and K. Nomura, 1999:

“Symmetric Versus Non-Symmetric Spin Models for Link
Invariants.”

J. Algebraic Combin. 10 (1999), 241-278.

“The link invariant of spin models of odd index is guage
equivalent to the link invariant of symmetric spin models.

One might expect to obtain new non-symmetric spin models in
the case where m is a power of 2.
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Wh.uq - @ spin model given in the previous Theorem of index
m = 2°q, ¢ = odd.
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Wh.uq - @ spin model given in the previous Theorem of index
m = 2°q, ¢ = odd.

@ For example,
s=1,g=3(m=06)
—
WH,u,a = WH,u,a’ & W/,
@ Wy .« : anon-symmetric Hadamard model (index 2),
e d' = a primitive 8-th root of unity,
e W’ is a spin model of index 3.

Takuya lkuta joint work with Akihiro Munemasa (Tohoku Universit  Spin models constructed from Hadamard matrices



Wh.uq - @ spin model given in the previous Theorem of index
m = 2°q, ¢ = odd.

@ For example,
s=1,g=3(m=06)
—
WH,u,a = WH,u,a’ & W/,
@ Wy .« : anon-symmetric Hadamard model (index 2),
e d' = a primitive 8-th root of unity,
e W’ is a spin model of index 3.

@ m =2° (¢ = 1) = decomposable ?
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Theorem (A. Munemasa-I.)

Wh.ua - @ Spin model whose index is a power of 2.

r = the order of the Hadamard matrix H.

r>4 =

W ..« €annot be decomposed into a tensor product of known
spin models.
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@ r=4= Wy,o=H® W(l)%a,

1 -1 —1 -1
-1 1 -1 -1
H=1_ 1 1
-1 -1 -1 1
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@ r=4= Wyua=H®Wq)ua

1 -1 -1 -1
-1 1 -1 -1
-1 -1 1 -1
-1 -1 -1 1

H =

@ r=1,indexm =0 (mod 4) =
W(1).uq is €quivalent to a spin model on cyclic group Z,,,.
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Theorem (A. Munemasa-l.)

m = even.

X ={(i,0,x)|i € Zin, L € Zpy,x €Y ={1,....1r}}, |X| = m?r,
A, . a Potts model of size r,

H € Maty(C*) : any Hadamard matrix of size r.
Forvi,je Z,

A, if i—j=-even,
Vi def H it (i,j) = (07 1) (mod 2),
HT if (i,j)=(1,0) (mod 2).

Define W’ € Maty(C*) by

W (v, B) = =D pd Y,
forVa=(i¢x),5=(/1,y) €X,
where 7, be a primitive m-th root of unity, 5 is an m?-th root of

unity.
Then W' is a symmetric spin model.
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def . .
hums = aspin model W' of size m*r
given in the previous Theorem.

If m = 2, then we recover the symmetric Hadamard models of
Nomura.
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We note that the decomposability and identification with known
spin models are yet to be determined for the following cases.

Q Whyuo:r=1,m=2 (mod 4),

Qo Wy up =1,

Q Wuuaand Wy, , :r=2,

Q Wyuaand Wy, . r>4andmis nota power of 2.
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